The aim of this paper is to obtain some common α-fuzzy fixed points for fuzzy mappings under almost F-contraction in the setting of metric space. In this way we generalize, unify, and complement fuzzy fixed point results of literature. As an application, we derive some multivalued fixed point theorems as a direct consequence of our main results. We also provide a non trivial example to show the significance of the investigation of this paper.
Introduction
In the theory of metric spaces, Banach fixed point theorem [12] is an important tool which guarantees the existence and uniqueness of fixed points of certain self mappings. It actually provides a constructive method to find fixed points. This theorem was first stated by a Polish Mathematician Stefan Banach in 1922. There are many generalizations of Banach fixed point theorem in the literature. One of the most interesting generalizations is almost contraction which was first given by Berinde [13, 14] . Berinde studied many kinds of contraction mappings and gave the concept of almost contraction in following way. for all x, y ∈ X.
He also generalized the above almost contraction as follows.
Definition 1.2 ([14]
). Let (X, d) be a metric space. A mapping T : X → X is said to be generalized almost contraction if there exists a constant λ ∈ [0, 1) and some L 0 such that
d(T x, T y) λd(x, y) + L min{d(x, T x), d(y, T y), d(x, T y), d(y, T x)}
for all x, y ∈ X.
A new approach in the theory of fixed points was recently given by Wardowski [29] . In his article, he extended the contractive condition on the mapping and introduced new type of contractions called F-contractions. He proved a new fixed point theorem regarding F-contractions in the context of complete metric spaces. Wardowski defined F-contraction as follows. Definition 1.3. Let (X, d) be a metric space. A mapping T : X → X is said to be a F-contraction if there exists τ > 0 such that for x, y ∈ X,
where F : R + → R is a mapping satisfying the following conditions (F 1 ) F is strictly increasing;
(F 2 ) for all sequence {α n } ⊆ R + , lim n→∞ α n = 0 if and only if lim n→∞ F(α n ) = −∞;
Later on Altun et al. [7] modified the above definitions by adding a general condition (F 4 ) which is given in this way:
Altune et al. [6] used the concept of F-contraction and defined the notion of multivalued almost F-contraction to prove some fixed point results in complete metric spaces.
We represent the set of all functions F : R + → R satisfying conditions (F 1 )-(F 4 ) by . For more details on F-contraction, we refer the reader to [3, 4, [19] [20] [21] [22] [23] 28] . On the other hand, Heilpern [18] used the concept of fuzzy set to introduced a class of fuzzy mappings, which is a generalization of the set-valued mapping, and proved a fixed point theorem for fuzzy contraction mappings in metric linear space in 1981. It is worth noting that the result announced by Heilpern [18] is a fuzzy extension of the Banach contraction principle. Subsequently, several other authors have studied existence of fixed points of fuzzy mappings, see [2, 5, 8-11, 15-17, 25, 26, 30] .
Let (X, d) be a metric space and CB(X) the family of nonempty, closed, and bounded subsets of X. For A, B ∈ CB(X), define
A fuzzy set in X is a function with domain X and values in [0, 1], I X is the collection of all fuzzy sets in X. If A is a fuzzy set and x ∈ X, then the function values A(x) is called the grade of membership of x in A. The α-level set of A is denoted by [A] α and is defined as follows:
Here B denotes the closure of the set B. Let (X) be the collection of all fuzzy sets in a metric space X. For A, B ∈ (X), A ⊂ B means A(x) B(x) for each x ∈ X. We denote the fuzzy set χ {x} by {x} unless and until it is stated, where χ {x} is the characteristic function of the crisp set A. If there exists an α
We write p(x, B) instead of p({x}, B). A fuzzy set A in a metric linear space V is said to be an approximate quantity if and only if [A] α is compact and convex in V for each α ∈ [0, 1] and sup x∈V A(x) = 1. The collection of all approximate quantities in V is denoted by W(V). Let X be an arbitrary set and Y be a metric space. A mapping T is called fuzzy mapping if T is a mapping from X into (Y). A fuzzy mapping T is a fuzzy subset on X × Y with membership function T (x)(y). The function T (x)(y) is the grade of membership of y in T (x).
, it is called a common fixed point of fuzzy mappings.
The aim of this article is to prove some common α-fuzzy fixed points for fuzzy mappings for almost F-contraction in the context of complete metric space to generalize some known results of literature.
For the sake of convenience, we first state some known results for subsequent use in the next section.
Lemma 1.5 ([24]
). Let (X, d) be a metric space and A, B ∈ CB(X), then for each a ∈ A, d(a, B) H(A, B).
Lemma 1.6 ([8])
. Let V be a metric linear space, T : V → W(V) be a fuzzy mapping, and x 0 ∈ V. Then there exists
Main results
Theorem 2.1. Let (X, d) be a complete metric space and let S, T be fuzzy mappings from X into (X) and for each
are nonempty, closed, and bounded subsets of X. If there exists some F ∈ , τ > 0, and L 0 such that
Proof. Let x 0 be an arbitrary point in X, then by hypotheses there exists
is a nonempty, closed, and bounded subset of X. Let
is a nonempty, closed, and bounded subset of X. By Lemma 1.5, (F 1 ), and (2.1), we have
From (F 4 ), we know that
For this
Then, there exists
So, continuing recursively, we obtain a sequence {x n } in X such that
for all n ∈ N. From (2.2) and (2.3), we have
Letting n → ∞ in above inequality, we obtain lim
Now by (F 3 ), there exists h ∈ (0, 1) such that
On taking limit as n → ∞ we obtain
Hence lim
for all n n 1 . Now consider m, n ∈ N such that m > n n 1 , we have
By the convergence of the series
Therefore {x n } is a Cauchy sequence in X. The completeness of (X, d) ensures that there exists u ∈ X such that, lim n→∞ x n = u. Now, we prove that u ∈ [T u] α T (u) . We suppose on the contrary that u ∈ [T u] α T (u) , then there exists an n 0 ∈ N and a subsequence {x n k } of {x n } such that d(
) > 0 for all n k n 0 , so by Lemma 1.5, (F 1 ), and (2.1), we have
which further implies that
Since F is strictly increasing, we have
Letting n → ∞, we have
Theorem 2.2. Let (X, d) be a complete metric space and let S, T be fuzzy mappings from X into (X) and for each
are nonempty, closed, and bounded subsets of X. If there exist some F ∈ and τ > 0 such that
Proof. Taking L = 0 in Theorem 2.1.
) be a complete metric space and let S be fuzzy mapping from X into (X) and for each
are nonempty, closed, and bounded subsets of X. If there exist some F ∈ , τ > 0 and L 0 such that
then there exists some u ∈ [Su] α S (u) .
Proof. Taking S = T in Theorem 2.1.
Corollary 2.4. Let (X, d) be a complete metric space and let S be fuzzy mapping from X into (X) and for each
Proof. Taking S = T and L = 0 in Theorem 2.1.
Corollary 2.5. Let (X, d) be a complete metric space and let A, B : X → CB(X) be multivalued mappings. If there exist some F ∈ , τ > 0, and L 0 such that
for all x, y ∈ X with H (Ax, By) > 0 , where
then there exists some u ∈ Au ∩ Bu.
Proof. Consider a mapping α : X → (0, 1] and a pair of fuzzy mappings S, T : X → (X) defined by
Thus, Theorem 2.1 can be applied to obtain u ∈ X such that
Corollary 2.6. Let (X, d) be a complete metric space and let A, B : X → CB(X) be multivalued mappings. If there exists some F ∈ and τ > 0 such that
for all x, y ∈ X with H (Ax, By) > 0, then there exists some u ∈ Au ∩ Bu.
Proof. Taking L = 0 in Theorem 2.5.
Corollary 2.7. Let (X, d) be a complete metric space and let A : X → CB(X) be multivalued mapping. If there exists some F ∈ , τ > 0 and L 0 such that
for all x, y ∈ X with H (Ax, Ay) > 0 > 0, where
then there exists some u ∈ Au.
Proof. Taking A = B in Theorem 2.5.
Corollary 2.8. Let (X, d) be a complete metric space and let A : X → CB(X) be multivalued mapping. If there exist some F ∈ and τ > 0 such that
for all x, y ∈ X with H (Ax, Ay) > 0, then there exists some u ∈ Au.
Proof. Taking A = B and L = 0 in Theorem 2.5.
Theorem 2.9. Let (X, d) be a complete metric linear space and let S, T : X → W(X) be fuzzy mappings. If there exist some F ∈ , τ > 0, and L 0 such that
for all x, y ∈ X with d ∞ (S(x), T (y)) > 0, where
then there exists some u ∈ X such that {u} ⊂ S(u) and {u} ⊂ T (u).
Proof. Let x ∈ X, then by Lemma 1.5 there exists y ∈ X such that y ∈ [Sx] 1 . Similarly, we can find z ∈ X such that z ∈ [T x] 1 . It follows that for each x ∈ X, [Sx] α(x) , [T x] α(x) are nonempty, closed, and bounded subsets of X. As α(x) = α(y) = 1, by the definition of a d ∞ -metric for fuzzy sets, we have
for all x, y ∈ X. From (F 1 ), we have
where
Corollary 2.10. Let (X, d) be a complete metric linear space and let S, T : X → W(X) be fuzzy mappings. If there exists some F ∈ and τ > 0 such that
for all x, y ∈ X with d ∞ (S(x), T (y)) > 0, then there exists some u ∈ X such that {u} ⊂ S(u) and {u} ⊂ T (u).
Proof. Taking L = 0 in Theorem 2.9.
In the following, we suppose that T (for details, see [27, 30] ) is the set-valued mapping induced by fuzzy mappings T : X → (X), i.e., T (x)(t) = y ∈ X : T (x)(y) = max t∈X T (x)(t) .
Lemma 2.11 ([1]
). Let (X, d) be a metric space, u ∈ X, and T : X → (X) be fuzzy mapping such that T x is non empty compact set for all x ∈ X. Then u ∈ T (u) iff T (u)(u) T (u)(x) for all x ∈ X. Theorem 2.12. Let (X, d) be a complete metric space and let S, T : X → (X) be fuzzy mappings such that for all x ∈ X, S(x), T (x) are nonempty closed bounded subsets of X. If there exists some F ∈ , τ > 0 and L 0 such that
for all x, y ∈ X with H S(x), T (y) > 0, where
then there exists a point x * ∈ X such that S(x * )(x * ) S(x * )(x) and T (x * )(x * ) T (x * )(x) for all x ∈ X.
Proof. By Corollary 2.5, there exists x * ∈ X such that x * ∈ Sx * ∩ T x * . Then by Lemma 2.11, we have S(x * )(x * ) S(x * )(x) and T (x * )(x * ) T (x * )(x)
for all x ∈ X. Corollary 2.13. Let (X, d) be a complete metric space and let S, T : X → (X) be fuzzy mappings such that for all x ∈ X, S(x), T (x) are nonempty closed bounded subsets of X. If there exists some F ∈ and τ > 0 such that τ + F H S(x), T (y) F(d(x, y))
for all x, y ∈ X with H S(x), T (y) > 0, then there exists a point x * ∈ X such that S(x * )(x * ) S(x * )(x) and T (x * )(x * ) T (x * )(x) for all x ∈ X.
Proof. Taking L = 0 in Theorem 2.12.
Now we present a non trivial example to show the significance of the investigation of our main Theorem 2.1. 
